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^N , Abstract 

00 , Bootstrap percolation is a type of cellular automaton which has been used to model various 

physical phenomena, such as ferromagnetism. For each natural number r, the r-neighbour 
bootstrap process is an update rule for vertices of a graph in one of two states: 'infected' 
or 'healthy'. In consecutive rounds, each healthy vertex with at least r infected neighbours 
becomes itself infected. Percolation is said to occur if every vertex is eventually infected. 
r^ I Usually, the starting set of infected vertices is chosen at random, with all vertices initially 

infected independently with probability p. In that case, given a graph G and infection threshold 
r, a quantity of interest is the critical probability, Pc{G, r), at which percolation becomes likely 
to occur. In this paper, we look at infinite trees and, answering a problem posed by Balogh, 
Peres and Pete, we show that for any b > r and for any e > there exists a tree T with 
branching number br(r) — b and critical probability pc{T,r) < e. However, this is false if 
^ , we limit ourselves to the well-studied family of Galton-Watson trees. We show that for every 

("^ ' r > 2 there exists a constant Cr > such that if T is a Galton-Watson tree with branching 

^O ' number br(r) = b > r then 

^1 p,(T,r)>^e-^. 

We also show that this bound is sharp up to a factor of 0{b) by giving an explicit family 

-- b_ 

C_) . of Galton-Watson trees with critical probability bounded from above by Cre '— i for some 

CO ' constant Cr > 0. 
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r^ ! 1 Introduction and results 



Bootstrap percolation, introduced by Chalupa, Leath and Reich [7] in 1979, is one of the simplest 
examples of cellular automata. Given a graph G and a natural number r > 2, the r-neighbour 
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bootstrap process can be defined as follows. For any subset of vertices A C V{G), set ^o = A, for 
each i > 1 let 

At = At„i U{ve V{G) : \N{v) n At^^l > r}, 

where N{v) is the neighbourhood of v in G. The closure of a set A is (A) = Ut^o^*- Often, 
this process is thought of as the spread of an 'infection' through the vertices of G in discrete time 
steps, with the vertices in one of two possible states: 'infected' or 'healthy'. For each t, At is the 
set of infected vertices at time t and (A) is the set of vertices eventually infected when A is the 
set of initially infected vertices. Given a set A of initially infected vertices, percolation or complete 
occupation is said to occur if (A) = V{G). 

Bootstrap percolation may be thought of as a monotone version of the Glauber dynamics of 
the Ising model of ferromagnetism. To mimic the behaviour of ferromagnetic materials, in the 
classical setup, all vertices of G are assumed to belong to the set A of initially infected vertices 
independently with probability p. It is clear that the probability of percolation is non-decreasing 
in p and for a finite or infinite graph G one can define the critical probability 

p,{G, r) = inf{p : Fp{{A) = V{G)) > 1/2}, (1) 

for which percolation becomes more likely to occur than not. Indeed, much work has been done 
in this direction for various underlying graphs and values of the infection threshold. 

The question of critical probability has been studied extensively in the cases of grid-like and 
cube-like graphs. For example, Aizenman and Lebowitz [1] showed that Pc{[n]'^,2) decreases log- 
arithmically with n. This was later sharpened by Holroyd [TU] who showed that Pc{[n]'^,2) = 
■^g^^ -I- o(l/logn). Balogh, Bollobas, Duminil-Copin and Morris [5] generalized Holroyd's result 
giving a formula for pc{[n]'^, r) for all values of d and r. A sharp result for critical probability in 
2-neighbour bootstrap percolation on the hypercube graph was obtained by Balogh, Bollobas and 
Morris 3 . 

Other types of graphs have also been studied. Janson, Luczak, Turova and Vallier |.12[ con- 
sidered the random graph Gn,p, Balogh and Pittel [5] worked with random regular graphs, which 
were further studied by Janson f ll| . Chalupa, Leath and Reich ^ considered infinite regular trees, 
also called Bethe lattices, which have been subsequently examined by Balogh, Peres and Pete [3], 
by Biskup and Schonmann 6 and by Pontes and Schonmann [8 . In particular, Balogh, Peres 
and Pete HI built upon the known results concerning bootstrap percolation on regular trees and 
investigated more general results on critical probabilities for infinite trees. For an infinite tree T, 
the critical probability for r-neighbour bootstrap percolation, denoted Pc{T,r), is defined as 

Pc(T,r) — mi{p \ Pp{T percolates in r-neighbour bootstrap percolation) > 0}. 

Note that this definition oi Pc{T,r) is different from that given in ([1]). This modification is moti- 
vated by the fact that for a general infinite tree the exact probability of percolation could be highly 
affected by finite, yet difficult to infect from the outside, subtrees. The existence of such substruc- 
tures does not matter when we care only about the probability of percolation being positive. 

For every d > 1, let T^; denote the infinite {d + l)-regular tree. Balogh, Peres and Pete 
[3], expanding the work of Chalupa, Leath and Reich [7], gave a formula for pc{Td,r) showing, 
in particular, that for any d > 1 and r > 2 we have Pc(Td,r) > 0. They also showed that 
every infinite tree T with branching number br(T) < r has the property that Pc{T,r) = 1. (The 
branching number is defined in Section [2l) Given these results, the question was raised of finding 
the smallest critical probability among all trees with a fixed branching number. With a simple 
example of a Galton- Watson tree it was shown in [i] that for b > r a {b+ 1) -regular tree does not, 
in general, minimize the critical probability for r-neighbour bootstrap percolation among all trees 
with branching number b. Defining a function fr, for each r > 2, by 

fr{b) = mi{pc{T, r) | br(T) < & and T has bounded degree}. 



Balogh, Peres and Pete [T posed the following two problems: 

1. Is fr{b) strictly positive for all real 6 > 1? 

2. Is fr{b) continuous apart from h = rl 

In this paper we answer both of these questions by showing that /^ (6) is a step-function. More 
precisely, in Section [51 we prove the following theorem. 

Theorem 1.1. For all r > 2 and 6 > r, frih) = 0. 

Combining Theorem 11.11 with the result of Balogh, Peres and Pete [4], we have 

I 0, otherwise. 

We shall prove Theorem 11.11 by producing trees with arbitrarily small critical probabilities. 
Motivated by the non-homogeneous nature of these trees we also study a well-known family of 
well-behaved trees: Galton-Watson trees. For a non- negative integer-valued distribution ^, let 
T^ be the Galton- Watson tree with offspring distribution ^ (a more formal definition is given in 
Section [3]). We shall see in Section [3] that pc{T^,r) is almost surely a constant (depending on the 
distribution ^ but not on the realization T^); we let pc{T(^,r) denote also this constant, without 
risk of confusion. We define a new function f^^{b) by 

/«^(6) = inf{p,(r^, r) I E(0 = 6, P(C = 0) = 0}. (2) 

The condition that P(^ = 0) = is included since any finite tree percolates with positive probability 
if the probability of initial infection, p, is positive. For this reason, we consider only offspring 
distributions for which the resulting tree is almost surely infinite. While the branching numbers 
of infinite trees can be difficult to determine, for Galton-Watson trees, Lyons [13] showed that, 
almost surely, br(T^) = E(^). 

In Section [31 we shall investigate the function f^^{b) and we shall show it to be positive for 
all b and r. That is, the value of E(^) immediately leads to a non-trivial lower bound on Pc{T^-, r)- 
We shall also show that our bound is tight up to a factor of 0{b). 

Theorem 1.2. Let the function f^^{b) be defined as in ^. 

1. If r > 6 > 1 then /^^(b) = 1. 

2. For r > 2 there are constants c.^ and Cr such that if 6 > r then 

"je-^<fnb)<ae-^. 

Note that the 6-ary tree is a Galton-Watson tree given by ^ with P(^ = b) = 1. The &-ary tree 
has the same critical probability as the {b + l)-regular tree Tt,. By Theorem 11.21 ^oi large 6, the 
value of f^^{b) is extremely far from the value pdTb, &) = 1 — ■^, obtained in \4^. This discrepancy 
suggests that offspring distributions highly concentrated around their means might yield much 
higher values for the critical probability. This is in fact true as shown by the following theorem, 
proved in Section [3.3.1l 

Theorem 1.3. For each r > 2 and a e (0, 1] there exists a constant Cr.a > such that for any 
offspring distribution ^ we have 

Also, for each r > 2 there exists a constant Ar > such that 



Pc(T,,r)<E(^^). 



The lower bound in Theorem 11.31 is proved directly for a G (0,1). For r > 3 the constants 
Cr.a obtained in the theorem converge to c^ > as a — >■ 1 and hence by continuity, the theorem 
holds for r > 3 and a = 1. For r = 2 and a — \ the theorem holds by the final result in this 
paper, given in Section [3.3.21 There, we prove the following theorem which, apart from a sharp 
lower bound on Pc{T^, 2) based on the second moment of ^, also gives additional lower bounds on 
the critical probability in 2-neighbour bootstrap percolation, as well as a sharp upper bound on 
Pc{T(^, 2) based on the second negative moment of ^. 

Theorem 1.4. Let T^ be the Galton- Watson tree of an offspring distribution ^. Then 

Pc('7>,2) >maxil- — -,maxil- ,, ,,/ ~,/ ^^,^ ttW , (3) 

and 

P.m.2)<E( ,^_^,;^^_^, )<E(^). (4) 

Additionally, if ^ has the property that E(^^) < oo, then 

^^^^«' ^^ - 2E(e(e-l))-3 - 2E^- ^^^ 

Balogh, Peres and Pete [i] noted that a.s b —>■ oo, the critical probability for the regular tree, 
Th, is Pc{Tb, 2) ^ 257 1 which matches the bounds given in Theorem ll.4l 

Finally, in Section [STU we shall present some examples of natural classes of Galton- Watson trees 
for which the critical probability for bootstrap percolation can be computed exactly and compare 
these to the bounds given by Theorem ll.4l To conclude, in Section 21 we state a few questions and 
conjectures. 

2 Trees with arbitrarily small critical probability 

In this section, a construction is given for families of infinite trees with a fixed branching number 
and arbitrarily small critical probability. 

The branching number is one of the most important invariants of infinite trees which we shall 
now define formally. (For further information, see, for example, Lyons [13].) Given a rooted tree 
T, for every edge e in the tree, let |e| denote the number of edges (including e) in the path from e 
to the root. The branching number of a tree T, denoted br(r), is the supremum of real numbers 
A > 1 such that there exists a positive flow in T from the root to infinity with capacities at every 
edge e bounded by A"'*^'. It is easily seen that this value does not depend on the choice of the 
root. Though in this paper, only infinite trees are considered, let us mention that for a finite tree 
T we have br(T) = 0. 

For 6 > 2, let T^ denote the infinite {b + l)-regular tree. As usual, for n > I and p E [0, 1], 
write Bin(n,p) for a binomial random variable with parameters n and p. In [7_, it was shown that, 
in r-neighbour bootstrap percolation, for each b > r, the critical probability Pc{Tf),r) is equal to 
the supremum of all p for which the fixed-point equation 

x = F{Bm{b,{l-x){l-p))<b-r) (6) 

has a solution x G [0, 1). Note that a; = 1 is always a solution to equation (]§]). 

An interpretation of equation (jH]) is as follows. The complete occupation of T^ obeys the 0—1 
law and can be shown to be stochastically equivalent to complete occupation of a rooted 5-ary tree, 
that is, a rooted infinite tree in which every vertex has exactly b descendants (so all vertices have 
degree 6+1 except the root which has degree b). For b > r the root of a 6-ary tree, conditioned 



on being initially healthy, remains healthy forever iff at least & — r + 1 of its children are initially 
healthy and remain healthy forever. Let x be the probability that, conditioned on being initially 
healthy, the root does not remain healthy forever. Then, one can show that x is the smallest 

/I— I • • • • (fa— il^''"^ 

solution to equation ([6]) in [0, 1]. In particular, it was noted in 7 that Pc{Tb, 2) = 1 — ,t,_w,_„^j,-2 

and later in [1] that Pc{Ti,, 6) = 1 — ■^. It can be shown that for every fixed r, as b tends to infinity, 

Pc{Tb, '') = (l ~ r) ( b^ ) ^^ '^ o(l)). This calculation is given in Lemma [3.61 to come. 

From equation ^ we see immediately that pc{Tt,,r) > for any b > r > 2. In [3] the authors 
asked whether there exists eb.r > such that for any tree T with branching number br(T) = b we 
have Pc{T,r) > eb.r, answering this question affirmatively for r > b with eb,r = 1- 

With an explicit construction of a family of infinite trees with bounded degree we shall now 
show that fr{b) = for b > r. The condition that the tree T has bounded degree is included in the 
definition of the function fr (b) since one can easily construct infinite trees with unbounded degree 
and branching number 6, and such that their critical probability is 0. We show an example of such 
construction at the end of this section. 

Given r > 2, b > r and p e (0, 1), we shall show that there is an integer d and an infinite tree 
with branching number b where every vertex has either degree d + l,d -\-2,b + I or 6 + 2 and such 
that, infecting vertices with probability p, the tree almost surely percolates. The rough idea of the 
proof is that, when d is sufficiently large, vertices that are the roots of some finite number of levels 
of a copy of T^ are very likely to eventually become infected and these finite trees can be arranged 
within an infinite tree to cause the percolation of the entire tree. 

First, it is shown that, for the infection threshold r and for d large enough, wc can in fact 
obtain an arbitrarily small critical probability Pc(Td,r). 

Lemma 2.1. For each integer r > 2 and d> r, Pc{Td, r) < r/d. 

Proof. Fix r > 2, d > r and p > r/d. To prove this result, it suffices to show that for all x G [0,1) 
we have 

P(Bin(d, (1 - x){l - p)) < d - r) > x, 

or alternatively, 

P(Bin(d, (1 - x){l -p))>d-r + l)<l-x. 

In this case there are no solutions of the fixed point equation (jB]) in [0,1) and so pdTd, r) < p. 

Recall the following Chernofi-type inequality: ii X ^ Bin(n,p) and m > np, then ¥{X > m) < 
e~"P(enp/m)'". Since dp > r, 

P(Bin(d, (1 - x){l -p))>d~r + l) 

^ gd-r+l-d(l-2;)(l-p) / rf(l - X){1 - p) 

\ d-r+1 

d-r+l 



r+l-d{l-.Kl-p) f djl^ P) \ (^ _ ^^d-r^^ _ ^) 

< ^d-r+l-d{l-x){l-p) f^ _ dp-r+l \ ^-x{d-r)^^ _ ^^ 

< exp [d-r + 1 -d{l~ x){l ~ p) - {dp - r + I) - x{d - r)] (1 - x) 
= exp(— x((ip — r))(l — x) 

<1- x, 

for all X e [0, 1). Thus, there are no solutions of equation © in [0, 1) and hence Pc{Td, r) < p. D 



As a consequence of Lemma |2.1[ for r fixed, lirnd^oo Pc{TdTf) — 0. 

In the next lemma we show that, for any e € (0, 1), there is a large number Tie such that if we 
initially infect vertices in the first n^ levels of T^ with probability p > Pc{Tci-,r), then the root of 
Td will become infected in the r- neighbour bootstrap process with probability at least 1 — e. For 
any d> 1, n > 0, let T^ be the first n + 1 levels of a rooted, {d + l)-regular tree. That is, the root 
has d+ 1 children, there are {d + l)d"^^ leaves and every vertex except the root and the leaves 
has exactly d children. 

Lemma 2.2. For d > r > 2, p > pc{Td,r), and n > 1, let the vertices of TJ* be infected 
independently with probability p > 0. For the r-neighbour bootstrap process, 

Pp(the root of T^ is eventually infected) — !• 1 

as n — ?► oo. 

Proof. Note that if p > pdTd, r) then for r-neighbour bootstrap percolation on Td, using a — 1 
law argument, ¥p{Td percolates) = 1 and hence 

Pp(root is eventually infected) = Pj,(Ut>o{root is infected by time t}) — 1. 

Using induction, one can show that the root is infected by time t exactly when the eventual infection 
of the root depends on the infection status of vertices in the first t levels. Indeed, if the root is 
infected at time 0, this event depends only on the initial infection of the root itself. For t > 1, if 
the root becomes infected at time t, then at least r of its children are infected at time t — 1. By 
induction this event depends only on vertices at distance at most t — 1 from the children of the 
root and hence at distance at most t from the root itself. 

Therefore, lim Pp(root infected based on first t levels) = 1. D 

i— fcjo 

We are now ready to prove Theorem 11.11 with the construction given in the proof of Theorem 
[Ol below. 



Theorem 2.3. For every pair of integers r > 2 and b > r and every p £ (0,1), there is an infinite 
tree T with bounded degree and br(r) — b satisfying Pc{T, r) < p. 

Proof. Fix p G (0, 1) and integers r,b with b > r. Let d > max{r/p, 6} so that, by Lemma [2.11 
p > r/d > pc{Td,r). Let {ni\i and {mi\i be sequences of integers, all to be defined precisely 
later in the proof. Our tree is constructed level- by- level, depending on these parameters; it will be 
shown that the sequences {ni\i and {mi\i can be chosen appropriately so that the resulting tree 
has the desired properties. 

Begin with a copy of T^^ . To each leaf of this compound tree attach a copy of r™\ Then 
to each leaf of the resulting tree attach a copy of T^^ and then to each new leaf attach a copy 
of T™^. Continue in this manner, alternating with {d -I- l)-regular trees and {b -f l)-regular trees 
of depths given by the sequences {ni\i and {mi\i respectively and let T be the resulting infinite 
tree. We would like to show that there is a suitable choice for the sequences {rii] and {rrii] so that 
br(T) = b and Pc{T, r) <p (in other words, Pp(T percolates) > 0). 

For each ^ > 1, let iV^ = W^Llid + l)d"'~H^ + 1)6"'~^ be the number of copies of T^"* added 
in the {2(, — l)-th step of the construction and let wf , Wj, . . . , u^ be the roots of those copies of T^* 

and let T'^\ denote the copy of T^* rooted at wf . Define ti — X]i=i ("•« + ini) to be the depth of 
these vertices in T. For each i>\ and i £ {l,...,iV^}, consider the event 

Ai.i — {vl becomes infected based only on infection of vertices in T2\}. 

Using Lemma [2.21 choose nt, to be large enough so that f{Ai^i) > (1/2)^/^^ Note that Ng does 
not depend on m. Set Ai = DiAi^i. If Ai occurs, then all vertices in level ti are eventually infected 

6 



and hence all vertices in levels at most ti are eventually infected. Further, if infinitely many events 
{A(}e occur, then T percolates. 

For £ fixed, since the events {Ai^iji are independent, by the choice of ni we have 



\n.M^)=l[nAi,^)>l[(l 



2 1 2 

1=1 ^ ^ 

By the Borel-Cantelli lemma, since the events {Ai} are independent and 

e e. 

then P(T percolates) ::= 1. 

Up to this point, no conditions have been imposed on the sequence {rriili and these can be 
chosen, in such a way that br(r) = 6. Note that, since d was chosen with d > b, every vertex of T 
has at least b children and so br(T) > b. By a choosing the values of rrii recursively, depending on 
the sequence {ui}, it is shown below that br(T) < b. 

For every n, let L„ be the n-th level of T, i.e., the vertices at distance n from the root of T. A 
standard upper bound on the branching number of an arbitrary tree gives br(T) < liminf iLnl""^'". 

For £ > 1, consider the level i^+i = J2i=ii''^i +'mi) with Yl-^j^{d+l)d"^~^{b+l)b"^'~^ vertices. 
Clearly, if mi > l"^ is large enough then 



t 


U+1 


^'4 



and i/ti^i — >■ as i? — )■ (X). Then, the number of vertices in level i^+i satisfies 

Thus, liminf |L„|i/" < b and so br(T) ^ b. D 



For simplicity, the proof of Theorem 12.31 assumes that b is an integer. For any real b >r, the 
construction can be modified to give an infinite tree with branching number b and arbitrarily small 
critical probability. 

By Theorem l2.3[ for 6 > r, /,(6) = 0, completing the proof of Theorem ll.il 
The construction in the proof of Theorem 12.31 can also be modified to produce examples of 
infinite trees with branching number 6, unbounded degree and critical probability 0. Indeed, set 
rii = 1, and for each t > 1, at step 2^ — 1 of the construction replace d by di, chosen to be large 
enough so that for the corresponding events Ag^i, 



nA^i) = P(Bin(d, + 1, 1/i) >r)>{- 

The sequence {mi\i, giving the number of levels of the (6 + l)-regular trees, can be chosen to 
ensure br(r) = b. The resulting infinite tree T has branching number 6, unbounded degree and 
Pc(T,r) = 0. 

7 



3 Critical probabilities for Galton— Watson trees 

3.1 Definitions 

In the previous section, we showed that the branching number br(T) of an infinite tree T does not 
lead to any nontrivial lower bound on the critical probability Pc{T, r), except when br(T) < r and 
Pc{T,r) = 1, as shown in [4]. The trees constructed in the proof of Theorem 12.31 to show that if 
b > r, then fr{b) — 0, are highly non-homogeneous and the irregularities in their construction seem 
crucial to their small critical probabilities. In this section we limit our attention to the well-studied 
family of Galton-Watson trees, for which these anomalies do not occur. 

A Galton-Watson tree is the family tree of a Galton-Watson branching process. For a non- 
negative integer-valued distribution ^, called the offspring distribution, we start with a single root 
vertex in level and at each generation n = 1, 2, 3, . . . each vertex in level n — 1 gives birth to a 
random number of children in level n, where the number of offspring of each vertex is distributed 
according to the distribution ^ and independent of the number of children of any other vertex. This 
process can be formalized to define a probability measure on the space of finite and infinite rooted 
trees and Tj is used to denote a randomly chosen Galton-Watson tree with offspring distribution 
^. As previously mentioned, if P(^ = 0) > then Tj is finite with positive probability. Thus in this 
paper we limit our attention to offspring distributions with P(^ = 0) = for which T^ is almost 
surely infinite. 

While the critical probability pdT^, t) is a random variable, which could take a range of values, 
depending on the tree T^ , it can be shown that in the space of Galton-Watson trees with offspring 
distribution ^, conditioned on T^ being infinite, Pc{T^,r) is almost surely a constant. While this 
involves standard applications of results and techniques in the theory of branching processes, the 
details are given in this section for completeness. 

For any rooted tree T, with root vq, let {T^ \ w G N{vo)} be the collection of rooted sub-trees 
of T whose roots are the immediate descendants of vo; that is, T^ is the connected component of 
T — Vq containing w and rooted at w. A property A of rooted trees is called inherited if every 
finite tree T has this property and, furthermore, if T has the property A if and only if for every 
w adjacent to the root, T^ has property A also. It can be shown that for a Galton-Watson tree, 
conditioned on the survival of the process, every inherited property has conditional probability 
either or 1 (see, for example. Proposition 5.6 in jT4]). 

Given p > and r > 2 consider the property 

Ap — {Pp(T percolates in the r-neighbour bootstrap process) > 0}. 

Clearly, the property Ap is inherited. Since we consider offspring distributions with P(^ = 0) = 0, 
the Galton-Watson process survives almost surely and we see that the probability that the Galton- 
Watson tree Tj has property Ap is either or 1. By the definition of critical probability this implies 
that pc{T(_, r) is almost surely a constant. 

Before proving Theorem 11.21 let us recall the following definition from [4]. 

Definition 3.1. Let G be a graph and r e Z+. A finite or infinite set of vertices, F C V{G), is 
called an r-fort iff every vertex in F has at most r neighbours in V{G) \ F. 

While a fort is a subgraph of the graph G, not depending on the infection status of vertices, if 
G contains an (r — l)-fort, F, with all vertices initially healthy, then G does not percolate in the 
r-neighbour bootstrap process. Moreover, the set of eternally healthy vertices is an (r— l)-fort, so 
a vertex remains healthy forever if and only if it belongs to a healthy (r — I)-fort. 

Now we show that we may assume that P(f < r) = 0, repeating the argument observed earlier 
in [J. If there is a fc < r such that P(^ = fc) > 0, then T^ almost surely contains infinitely many 
pairs of vertices u, v such that w is a child of u and deg(w) = deg(w) — k + 1. Then, if we initially 
infect vertices of Tj independently with some probability p < 1, almost surely we obtain such a 



pair with both u and v initiaUy heahhy, in which case {u,v} is an initially healthy (r — l)-fort. 
Thus T^ almost surely does not percolate and so pc{T(^,r) — 1. 

Therefore assume that P(^ < r) = 0; in particular, E(^) = b > r. In this case, almost surely, 
T^ contains no finite (r — l)-forts. 

In ^, Balogh, Peres and Pete, characterize the critical probability for a particular Galton- 
Watson tree in terms of the probability that the root of the tree remains healthy in the bootstrap 
process. The details are given here for arbitrary Galton-Watson trees. 

For any tree T with root vq, r > 2 and p > 0, initially infecting vertices with probability p, 
define 

q{T,p) — Pp(wo is in a healthy (r — l)-fort), 

the probability that vq is never infected. Since, in general, the random variable q{T^,p) depends 
on the tree T^, consider its expected value, over the space of random Galton-Watson trees with 
offspring distribution ^ and set 

q{p)=¥.TMTi.P))- 

In what follows, it is shown that q{p) > iff p < pc{Ti^,r). 

For a fixed tree T with root vo, denote the children of the root by wi,W2,...,Wfc and the 
corresponding sub-trees by Ti,T2, . . . ,Tfc. The root vq is contained in an infinite healthy (r — 1)- 
fort iff Vq is initially healthy and at least k — r + 1 of its children are themselves contained in an 
infinite healthy (r — l)-fort in their sub-tree T^. Since these k events are mutually independent. 



Q 



(T,p) = (l-p) J2 \Il(^-1iT^,p))Y[1^^^'PA■ 



XC[l,fc] \iGX j^X 

|X|<r--l 



If T is a Galton-Watson tree with offspring distribution ^ then, given that the root has exactly k 
children, the sub-trees Ti,T2,. . . ,Tk are also such (independent) subtrees. Thus, 

qip) = ii-p)Y,m = k) E (^)(i-9(p))Mp)'-' 

k>r i<r-l ^ ^ 

= (1 - p) ^ F{£, = fc)P(Bin(fc, 1 - q{p)) < r - 1). (7) 

k>r 

Define a function hr^p{x), depending implicitly on the distribution ^, by 
hr,p{x) = (1 - P) X! ^^^ ^ fc)P(Bin(fc, 1 - x) < r - 1). 

k>r 

By equation (O, q{p) is a fixed point of hr^p{x). Note that this is closely related to the fixed point 
equation ^ from T] with x in place of (1 — p){l — x). 

The function hr^p{x) is continuous on [0, 1], < hr,p{x) < (1 — p) and since 

— P(Bin(fc, 1 - x) < r - 1) = fcP(Bin(fc - 1, 1 - .t) = r - 1) > (8) 

ax 

for all fc > r and < a; < 1, hr,p is strictly increasing in [0, 1] unless p = 1. Note that for any 
p, /ir,p(0) = and so is a fixed point of the function. Using standard techniques for branching 
processes, it is shown that the critical probability pc{T^,r) is given as follows in terms of the 
function hr^p{x). 

Lemma 3.2. The critical probability Pc{T^, r) is given by 

Pc(T(^,r) — mi{p \ x — hr^p{x) has no solution for x G (0, 1]}. 



The proof of Lemma 13.21 is given by Claim 13.31 and Lemma 13.41 below. 

Claim 3.3. For every p, q{p) is the largest fixed point of hr^p{x) in [0, 1]. 

Proof. If p = 1 then hr^p{x) = for all x e [0, 1] and so a; = is the only fixed point of hr^p{x) in 
[0, 1]. Thus q{p), itself being such a fixed point, must be equal to 0. 

Therefore assume that p < 1. For any tree T, let T" be the first n levels of T and define 

qn{T,p) ^ Pp{vQ is in a heahhy (r - l)-fort of T") 

and qn{p) = ET^{qn{T^,p)). 

Since the definition of a fort depends only on the neighbourhood of each vertex, a sub-tree 
F C T is an (r — l)-fort iff for every n > 0, i^ n T" is an (r — l)-fort in T"; furthermore, the latter 
event is decreasing in n. Therefore, qn{T,p) \ q{T,p) as n — )■ oo and so also qn{p) \ q{p)- 

Following the same recursive argument as before, we see that for every n > 0, qn+i{p) = 
hr,p{qn{p))- Note also that for any tree T, 

qo{T,p) = ¥p{vQ is initially healthy) = 1 — p. 

Suppose that xq is a fixed point of hr^p{x). Then, xq = hr^p{xo) < 1 — p = qQ{p) . Proceeding by 
induction, suppose that for some n > 0, xq < qn{p)- Since hr^p{x) is increasing, 

XO = hr^p{xo) < hr,p{qn{p)) = qn+l{p) ■ 

Therefore, xq < lim„_j.oo 9n(p) = <l{p), completing the proof. D 

There is a small difference between the event that the root of a tree T is the root of a healthy 
(r — l)-fort and the event that some other vertex of T is the root of a healthy (r — l)-fort. Fix a 
vertex w in T that is not the root and consider the probability that v is the root of a healthy fort, 
in T . Since v already has a neighbour (its parent) not in the fort, then v is the root of a healthy 
(r — l)-fort iff V has at most r — 2 children that are not, themselves, roots of healthy (r — l)-forts. 
Thus, for T = T^ and conditioned on v being a vertex of the tree, 

Er^ (Pp(w is the root of a heahhy (r - l)-fort) \v eT^) 

= {l-p)Y^ P(e = A;)P(Bin(fc, 1 - q{p)) < r - 2) ^g^ 

k>r 

= hr-i,p{q{p)). 

Since for all s > 1 and p < 1 we have hs.p{x) = iff a; = then in particular, q{p) ~ iff 
hr-\,-p{q{p)) = 0. 

Lemma 3.4. In the space of Galton-Watson trees for a fixed distribution ^, if q(j)) > 0, then 
Pp{T^ percolates) = almost surely. li q{p) = 0, then Pp(Tj percolates) = 1 almost surely. 

Proof. If p = 1 then q{p) ~ and clearly Pp{T percolates) — 1. So assume that p < 1. 
First, assume that q{p) > 0, with the aim of showing that 

ETe(Pp(Tc percolates)) = 0. 

By equation ^, there is a (5 > be such that, for every vertex v, 

Etj (Pp(w is in a heahhy (r - l)-fort \ v e T^)) > S. 

Since £, > r almost surely, at level t in the tree, there are at least r* vertices. The events that these 
vertices are roots of healthy (r — l)-forts are independent; thus, for every t 

Etj (Pp(every vertex of Tj at level t is eventually infected)) < (1 — Sy — >■ 
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as t — > oo. Thus, Etj(Pp(T'{ percolates)) — and hence the set 

{T I Fp{T percolates) > 0} 

has measure 0. 

On the other hand, suppose that E^;, {Pp{T^ percolates)) < 1 in hopes of showing that q{p) > 0. 
Then, the set of trees 

{T I Pp(r percolates) < 1} = {T | Pp(r contains a healthy (r - l)-fort) > 0} 

has positive measure. 

Even though the number of infinite trees is uncountable, each tree has only a countable number 
of vertices and these can be thought of as a subset of a common countable set of vertices. Then, 
there is a vertex v for which, conditioning on v being a vertex of the tree, 

Et^(Pp(w is the root of a healthy (r - l)-fort) | v G Vm)) > 0. 

That is, either q{p) > (if u = vq) or hr^i,p{q{p)) > 0. In either case, q{p) > 0, which completes 
the proof. D 

Thus, combining Claim [5751 and Lemma 13.41 Lemma 13.21 holds and the critical probability is 
given by 

Pc{T^,r) = mi{p \ x = hr,p{x) has no solution x £ (0, 1]}. (10) 

With equation (fTO)) in mind, the following functions are defined. 
Definition 3.5. For each r > 2 and k > r, define 

and for any offspring distribution ^, set 

Gl{x)^Y.^i^-k)glix). 

k>r 

Using equation (llOp . the critical probability for T^ can be characterized in terms of the function 
G^{x). Note that for p — 0, the equation hr^p{x) = x has a solution at x = 1 and for p — 1, the only 
solution to hr^p(x) = x is. x — 0. Since hr^p{x) = x(\ — p)GUx), then for p < I, x — hr^p(x) has a 
solution in (0, 1] iff G'^Ax) = j^ has a solution in (0, 1]. Note that we have Gc(l) = 1, and so for 
p > 0, (1 — p)Gt(l) < 1. Since GAx) is continuous, if p < Pc{T^,r), then sup^g/Q^^i GUx) > j^ 

and a pc{T^,r) < p < 1, then for every x € (0, 1], G^{x) < j^-. Thus, the critical probability for 
r-neighbour bootstrap percolation on the Galton- Watson tree T^ is, almost surely, given by 

p,m, r) = 1 ^ ^,, y (11) 

max^g[o,i]G'^(a;) 

Since max^-gjo^i] G^x) > 1, this implies the following useful estimate for the critical probability 

Pc(T^,r)< max G^(x)-1. (12) 

Before proceeding, a few facts about the functions gl{x) are noted. First, for all r > 2, 
^(Bin(r, 1 - a;) < r - 1) 1 - {I - xY 



9rix) 



X l-(l-x) 

,-1 (13) 

1 + (1 - X) + (1 - X)2 + . . . + (1 - xf-^ = ^(1 - X)\ 

i=0 
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For any k> r, P(Bin(fc, 1 - x) < r) = P(Bin(fc, 1 - x) < r - 1) + P(Bin(fc, 1 - x) = r) and hence 

g'^\x)=gl{x)+Qx'^-^-\l-xy. (14) 

For each fixed r > 2 and k > r, 

9l+i(x) - glix) - - (^ ^ ^y^-^a - ^Y- (15) 

Indeed, to prove equation ([T5|). let X ^ Bin(fc, 1 — x) and Y ^ Bin(l, 1 — x) be independent. Then, 
X + Y -^ Bm{k + 1, 1 - x) and so 

xglix)^F{X<r-l) 

^ ¥{X + Y <r-l)+ F{Y = 1 and X = r - 1) 

= xgl^,{x) + (1 - x) • (^^ ^ J (1 - xY-'x'^-^-+' 
= x(^gl+,ix)+(^^^^^yi-xYx'^-'- 
which shows equation (|15p . Thus, by equation (jlSp . for any k > r, 

k 



i—r ^ ^ 

In particular, note that G^Ax) < gl.{x). 

One simple example of a Galton- Watson tree occurs when the offspring distribution is constant. 
When £^ = b, T^ is the 6-ary tree, which has the same critical probability as the (6+ l)-regular tree, 
Tft. Note that, in this case, G^(x) = glix). For r > 2, fixed, the asymptotic value oi Pc{Tb,r) as b 
tends to infinity is included here for completeness. 

Lemma 3.6. For each r > 2,pc{Tb,r) = (1 - 1/r) (^^V^j (l + o(l)) as & ^ oo. 

Proof. Fix r > 2 and b > r. The critical probability for Tb in r-neighbour bootstrap percolation is 

given by 

trr \ 1 1 niax^g[o^i]gg(x)-l 

Pc{Tb, r) = l — - = . (17) 

niax^g[o,i].g^x) max^-gfo^i] g^x) 

For a lower bound on the critical probability, note that 

^ P(Bin(&, y) < r - 1) ^ 1 - P(Bin(6, ;y) > r) ^ 1 - Qy^ ^ 1 - ^ 



l-y 1-y l-y 1-y 

Set j/o = ( b^^ ) so that b'^y^^^ = (r — 1)! and consider 

2/0 



5^:(i - yo) - 1 > 



^ _ yo{l-l] 
1 - yo 1-2/0 

Then, a lower bound on the critical probability is given by 






PciTb, r) > , , ,, , ';"L = , ' " >l--h/o=l-- 
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For an upper bound of the function gl{l — y), consider separately different ranges for the vahie 
of y. Using Chebyshev's inequality, one can show that if y > 2r/b, then gl{l — y) < 1. 
Consider the function 

(1 - y)iglil -y)-l)= P(Bin(6, y) < r - I) - {1 - y) = y - P(Bin(6, y)>r). (18) 

Suppose that b > e^^r and consider y such that (r''e''''6"'')^/'^'"^^^ < V < Ir/b. Then 2r/b < 1/2 
and 

y - P(Bin(6, y) > r) < y - Q y-(l - yf-^ 

<y-—ye " <y-y — :;—e 
= y{i-y-^J^)<o. 

/ ,. 4,.n1/('^-i) . . _ . . 

Consider now y < ( ^—^r- 1 . Using equation ([8]) with y in place of 1 — x, the maximum 

value for (1 — y){gl{l — y) ~ 1) occurs at yi with P(Bin(6 — l,yi) = r — 1) = | and hence 

C)j/r'(i-?/ir'' = iA- Thus, 

y - P(Bin(6, y) > r) < yi - P(Bin(5, yi) =r) = yJl--). (19) 



r 



By the choice of j/i. 



< (^~1)' ^^^ e'y^'' (20) 

- 6'- 6(fo-l)...(6-r + l) 

(r - 1)' 



Thus, by ([T8l). ([T9| and ([20 



max (5^(1 - 2/) - 1) < ^ i/f^_n ( 1 - - ) J/i 

ye[o,i] 1 „ (Hell) ''^ ^ V ^/ 

and the upper bound on Pc{Tb, r) follows from (J17p . D 

3.2 Bounds for f^^{b) 

With the definitions from section 13.11 we are now ready to prove Theorem 11.21 For every r > 2 
there are positive constants c^ and Cr so that for every b > r, 

The proof of Theorem 11.21 is given in two parts. The lower bound for f^^{b) is given in Lemma 
13. 7[ to come, by examining properties of the function GUx). The upper bound for f^^{b) is given 
in Lemma 13.91 by producing a family of Galton- Watson trees with fixed branching number and 
small critical probability for r-neighbour bootstrap percolation. 
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Lemma 3.7. For every r > 2 and for any offspring distribution ^ with E(^) ~ b > r^ 

r-2 

Pcm,r) > — 7 — e"^^. 

Proof. In what follows, we shall need to consider integrals of functions related to gl.{x) and so 
recall from the definition of the beta function that for all a, & G Z+, 

^x'^il-x)" dx= , °'/' ,, . 
h (a + 6+1)! 

By equation pB]) . for any k > r, using Hg ~ J2i=i ^ to denote the £-th harmonic number, 

i \ (i-r)!(r-2)! 



fc-1 



-^U-i/ (i-iy. 



(22) 



k — r 



i — r + 1 

+ Hk-r- 



r- 1 

Therefore, for any offspring distribution ^, since ^ > r almost surely, 
•-^ gl{x) - GUx) , ^^^^ ,^ A-r 



r^^f^-i:r«-)(^-. 



k—r 
\ r — \ 

k>r 



(23) 



On the other hand, let M — maxj-gjo,!] G'^{x). Then by equation (llip . pc = Pc{T^,t) = 1 — tt- 
Note that, since g^ix) is decreasing and continuous, 3^(0) = ''i 3r(l) = 1 ^^d G£(x) < g^ix), we 
have M € [1, r] and there is a unique y G [0, 1] with gl.{l — y) = M. Then, by ([T3)) . 



r-i , ,- , ^ i-y 






i=2 ^ a;=0 

r-2 



(M-l)(l-l/y)-log(y)+^ 



1-2/* 



i=i * 



{y + y^ + ...+y--'>-)(y-l) _ ^-1 



Note that (M - 1)(1 - 1/y) = ^^+^ +---+^ ^i^^^^ = y''-'^ - 1. Thus, the above expression can be 

simplified, as 

Jo [l-xf ^ 2 (24) 

>y'^-i-l-log(y). 
Now, using the definition of y, 

^ 1 _ ^ = ^^-1 = y + 2/' + ■ ■ ■ + ;/''"' ^ ;/(i - y''-^) ,^^. 

^^ M M l + y + y2 + ...+yr-i 1 - j/'^ ' ^ '' 
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Note that for any ye [0, 1), 



and from this, using (|25p . we obtain 

y'-i - log(y) > log (y^^) - log(y) = - log (^ ^^Y~y^'^ ) = - logP- 
Since g;{x) - G^ix) > then, using (pS]) and ([M]) . 

and hence 

p,m,r) > exp (-^l^z^ - E(ilc-r)) > exp (^-^ - £(1/^)) . (26) 

Using the inequahty iJ„ < log n + 1 for n > 1 and the concavity of the logarithm function we see 
that E{H^) < logb+ 1 and thus 

r — 2 \ e ^~^ 
Pcm,r) > exp ' 



r- 1_ 
completing the proof of the lemma. D 



By Lemma 13.71 the lower bound in Theorem 11.21 holds with Cr = e "■-! . 

Next let us prove that there exists C,. > so that f^^{h) < CrC^^^^^ when b is sufficiently large. 
We shall do this by first considering a sequence of offspring distributions that are shown to have 
critical probability 0. 

For each r > 2, define an offspring distribution, denoted by £,r as follows. For every k>r, set 

P(e. ^k) ""'^ 



fc(fc-l)' 



Note that for any r, E(fr) = oo. In Lemma [3.91 below, it is shown that, given b > r sufficiently 
large, the distribution ^r can be modified by 'pruning' to obtain the appropriate critical probability 
and mean b. 

Claim 3.8. For each r > 2, and for all x e [0, 1], G^^(a;) = 1. 

Proof. We apply induction on r. First, for r — 2, 



= i-Eo = i' 



k>2 



15 



as claimed. Turning to the induction step, assume that the Claim holds for r > 2: Gl {x) = 1 for 
X G [0,1)- Then, for xE [0,1), 



k>r+l ^ ' 



E^ fc(fc^ [al^^) + (5^'"""(i - "^y ) (by CI) 



r-l _ . 1 ._\ ,r- 1 a-2\ k-r-m ^r 

c" '^ -^(1 - xY 



Vfe>r ^ ' I fe>r+l ^ 



^ G^ (^) _ ^ (gli^) 1 ^ (1 ^)' 



r — 1^ r — 1\ a; 

r 1 /l-(l-x)'' l-a;-(l-a;) 



r— Ir— 1\ x X 

r 1 



(by USD) 



= 1, 



7' — 1 r — 1 
so our claim holds for r + 1 , completing the proof. D 



An immediate corollary of Claim 13.81 is that, for every r > 2, the Galton- Watson tree T^^ 
satisfies pc(T^^,r) — 0. 

Lemma 3.9. For every r > 2, there is a constant C,- such that if fe > (r — 1) log(4er), then there 
is an offspring distribution 77^.6 with E(ryr.fc) = & and 

Proof. If 6 is sufficiently large, the distribution rjr.b is constructed by restricting the support of the 
distribution ^^ to a finite set of integers and redistributing the remaining measure suitably. Note 
that for m > r we have 

m ™ / 1 1 \ — 1 

mr<n,) = Y.n& = k) = ir-i)T.[]—j-]:) = ^-'-^- (27) 

k—r k—r 

Also, using the convention that Hq = 0, 

m m ^ 

53 kFi^r - fc) = (r - 1) ^ ^-j - (r - 1) (i/,„_i - H,_2) 

is the part of the expected value contributed by the (ttt, — r + 1) smallest possible values of £^r- 
Given b and r, let 

fco = max{?7i : (r — I) {Hm-i — -ffr-2) < &}■ 

Then, by the choice of fcoj 

6 < (r - 1) (i/fe„ - i/,_2) <{r- l)Hk„ < (r - I)(logfco + 1), 

so fco > e "--1 > ir for 6 > (r - 1) (log(4r) + f ) = (r - 1) log(4er). 
Let fci = fco — 2r > r. Then by equation (P7)) we have 

^^ — 1 — 1 

A = 1 - ^ P(e,. = m) = '^ "' 



fci ko - 2r 
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Define K — b — J2k=r k^i^r = k), roughly thought of as the unallocated portion of the expected 
value. Then, K can be bounded from below by 

K> V] kP{^r^k)^{r-l){Hk„-i-Hk,-i)>{r-l)^. 

fc=/ci+l " 

Since b < Efclt^ k¥{^r = fc), we have that 

K< Y. kViCr = k) = {r-l)iHk„-Hk,-i)<{r-l)f-^. 

k=ki+l ° 

Thus, it follows that K/A < 2r + 1 and for ko > Ar, 

This implies that, for b > (r— 1) log(4er), there exists a e (0, 1) such that ^ = ar+{l — a){2r + l) 
and hence, 

Y^ kP{^r = fc) + aAr + (1 - a)A{2r + 1) = 6. 

fc— r 

This is used to define the pruned offspring distribution rjr^b as follows, 

{P(^^ = fc) for r < fc < fci, fc 7^ 2r + 1 

P(Cr ^r)+aA for fc = r, and 

P(^^ = 2r + l) + (l-a)^ forfc = 2r + l. 

Note that since fco > 4r, fci = fco — 2r > 2r. 

This pruning rjr.b of the distribution of £,r is used to give an upper bound on f^^{b). Recall 
that for every k > r, the functions 5JI(a;), given by Definition l3.5l are non-negative and by equation 
([TC| . glix) < gl{x). By Claim [S^H G^^ (a;) = 1 which shows that, 

G;^,,(a;) < Gl^{x) + aAglXx) + (1 - a)Ag^,+i(x) < 1 + Agl{x). 

Therefore, since g^{x) is decreasing and g^{Q) — r, 

max G: Ax)<l + Ag;{0) = 1 + Ar, 



and so 

7'(r — 1) r{r — 1) 

fco — 2r g **;!!^ _ 2r 



Pc{T^.,,.r) <Ar^ ^-^ < ,\, ' < 2er(r - l)e- 



for 6 > (r - l)log(4er). D 

Thus the upper bound in Theorem 11.21 holds with Cr = 2er(r — 1) for b> {r — 1) log(4er), and 
it is trivially true for some Cr for smaller b. This completes the proof of the theorem. 

3.3 Bounds for PciT^,r) 

3.3.1 Bounds based on higher moments 

In this section, we shall prove a lower bound on the critical probability Pc(T^,r) based on the 
(1 + Q;)-moments of the offspring distribution ^ for all a e (0, 1), using a modification of the proof 
of Lemma 13.71 together with some properties of the gamma function and the beta function. 
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Recall that the gamma function is given, for z with 3(?(z) > 0, by r(z) = /„ V- ^e * dt and 
for all n £ Z+, satisfies T{n) = (n — 1)!. The beta function is given, for '^{x),^{y) > 0, by 
B(a;, y) = J^j t^^^{l — t)'^~^ dt and satisfies B{x,y) = y-U+v) ■ ^^ shaU use the following bound on 
the ratio of two values of the gamma function obtained by Gautschi ^. For n G N and < s < 1, 

1 \'-.JJlL±A.Jl\-" „ 



n + 1/ ~ r(n + 1) ~ V". 

The proof of Theorem 11.31 if first given for the case a G (0, 1). For r > 3 and a = 1, we then 
deduce a lower bound for Pc{T^, r) by a continuity argument. An analogous bound for r ~ 2 and 
a = 1 is given in Theorem 11.41 



Proof of Theorem \1.3[ The proof of the lower bound in this theorem is similar to that of Theorem 
11.21 using bounds on integrals similar to the ones in (P^ and ([M]). but with (1 — .x)^+" in the 
denominator instead of (1 — x)^. 

Let r > 2 and let < a < 1. From the definition of the beta function, for any k > r, we have 



fc-i / ■ \ ^1 



/f^^'-Ur-dL"'-"^'- "'-'-'' 



i—r 
fc-1 



Y,i_A^{i-r + l,r-l-a). 



Continuing we obtain 



fc-l / . X fc-1 



El i \-r^/- -, -, ^ v^ / i \ (i — r)\T(r — 1 — a) 



fc-1 



r — 1/ ' -^ \r — 1/ T{i — a) 

i\ r(r — 1 — a) 



'^^ i-r + 1 



r{i-a) (r-1)! 
Using inequality (P5|) we have 

^l _,_I(i_^^ r(.-i + i) ,,,^ 



r{i-a) T{i-a) r(i - 1 + (1 - a)) 

The further steps depend on the value of r. First we consider the case r > 3. This implies, again 
using inequality 



r(r- 1-a) _ 1 r(r-2+(l-a)) 1 1 



(r-1)! r-l r(r-2+l) -(r-l)(r-2)" (r-2)i+"' 

Thus, putting these together, bounding crudely we find that for r > 3 



I 



(1 - a;)2+° '^ i-r + 1 \r - 2 



< 



k" '" ^ 



Va 2^ ' 



(r-2)i+" ^i-r+l 
k" 



i^r 



r-2)i+" 

l + Q 



(fc - r + (r - l)Hk-r) 



3fci+" 
^ (r-2)"" 
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Now we consider the case r = 2. We have 



Tir-l-a) r(2-a) 1 

= i (1 — aj = — < 



(r — 1)! 1 — a 1 — a 

Thus a corresponding bound on our integral is 



' 92{^) - 9l{x) ^^ ^ fc^+" + fc"gfc_2 ^ 2fci+° 



/o (1 - a;)2+" 1 - a 1 - a 

Thus, proceeding analogously to pB]) we have 



(1--)^"" IfS?, otherwise. ^ ^ 

Let us now bound our integral from below by some function of pc- Again, for an offspring distri- 
bution ^ let M — maxj-gjo^i] Gj(x). Let us recall that we have Pc = Pc{T^,r) — l~jj. Recall also 
that, since g^ix) is decreasing and continuous, .9^(0) = r, g^(X) = 1 and Gc(x) < g^(x), we have 
M G [1, r] and there is a unique y £ [0, 1] with g^{l — y) ~ M. Thus M = l + y + . . . + y^~^ and so 

Pc = 1 - -TT = — ^ ; — > y, (30) 

M 1 ~ y^ r 

using I ~ y^ < ~r(l ^ 2/'^^)- ^ lower bound on the integral in question is given by 

^g;{.)-Gli.) r^-y g;(,) - m 

- ' (1 - a;)2+" '''^ 



(1 - x)2+" - Jo (1 - a;)2+a 

rV - M 

dx 



(1 - X)2+" 

(1 + q;)(1 -a;)i+" afl-a;)" ^ i-a \ 
M -1 ^ M -1 ^ 1 1,^1- y'-'^ 



(1 + a)yi+" 1 + a ay" a -^-^ i — a 

~ (l + a)y" 1 + a ay" a' 

The approximations for the cases r — 2 and r > 3 are dealt with separately. In the case r = 2, the 
expression in (pTj) reduces to 

y y 1 1 1 1 
z I- " -I > (32) 

(l-|-a)yi+" 1 + a ay"' a ~ a(l + a)y" a' 
For r > 3, the expression in (j3ip is bounded from below as follows: 



(1 + a)y°' 1 + a ay" 


1 ^ 1 + y y'-2+" + y'-i+" 1 


1 


a ~ (1 + a)y" (1 + a)y" ay" 


a 




^ -a - ay + 2ay'~-i+" + 1 + a 1 






~ a(l + a)y" a 






l-a(y-2y--i+") 1 






a(l + a)y" a 





(33) 
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Define hr.aiy) = 1 — a(y — 2y'' i+") when r > 3 and hr.aiv) = 1 when r — 1. By inequahties 
HI, dSl]), and dSg, for every r > 2, 



/o (l-a;)2+" ~a(l + a)y" a 

For r > 3, the minimum of h^^a in the interval [0, 1] is positive and is attained at 



, 1 \'-+°- 



2(r + a- 1) 



Thus if 2/ < 4.^ = / fe..(|»r.c.) \ ' ^J^^^^ 



, ,1/° 

2(1+q) 



'^r,a\y) ^ '^r.a\'^r.a) ^ 



a(l + a)y" a(l + a)y" a 
and so in this case we obtain 



(l-x)2+" '^^2ail + a)y" ^ ' 

and thus, combining ^ and dM]), y > c;'^(E(^i+"))-i/" with 

^4aa+Q)j ' ifr = 2, 

_ (^ - 2) ( ''g'^'^f;;;/ ) " , otherwise. 

Note that in the case where y > < „, then y > c;_„(E(^i+"))~i/" since E(^i+") > 1. Thus, using 
(pO| . the theorem holds for a € (0, 1) with 

r — 1 
r 

Since for r > 3 we have Cr,Q -^ c^^i > as a — >■ 1, we deduce that Theorem 11.31 holds for r > 3 and 
a = 1. However, the value of C2 „ in our proof tends to as a — >■ 1, and consequently so does C2,a- 
We deal with this problem in Theorem 11.41 where an essentially sharp lower bound on Pc{T^, 2) is 
given based on the second moment of ^, completing also the proof of the lower bound in Theorem 

The upper bound in Theorem 11.31 follows from Lemma 13.61 and (|2ip which show that for any 
r > 2 there is a constant Ar > such that for any k > r, 

maxo^(a;)-l< 



Thus the upper bound follows immediately from inequality (J12p . D 

3.3.2 Bounds for pc{T^, 2) 

In this section we focus on 2-neighbour bootstrap percolation on Gallon- Watson trees. This specific 
problem is easier to tackle analytically which gives us an opportunity to obtain sharp bounds on 
Pc{T^,2). To simplify notation, we write G^ for G?. 
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Proof of Theorem \1.4\ First we prove the rather easy bound given in ([3]) . By the definition of 
function G^{x) we see that for each fc > 2 we have 

G^{x) > P(e = k)gUx) = P(e = k) {kx'^-' - (fc - l)x^-i) . 

Now, g|(a:) = 2 — a; so it attains its maximum in the interval [0, 1] at a; = with 5|(0) = 2, while 
for fc > 3 functions g1{x) are maximized at Xk = dSiJ , with gf.{xk) — ' (^._-^2k-3 — • Thus formula 
^ follows immediately from ([TT]) . 

Considering the maximum value of the function g1.(x), 

'-''-^{k-2f-^ _ (k{k-2)\^'^ (k-l\ _( 1 \^'^ (k-\ 



(fc-l)2'=-3 \^(^k-lYJ \k-2j \ (fc-l)V \k-2 

One can show, by induction on t, that for fc > 3 and t > 1, 



(fc-l)V - (fc-l)2 2(fc-l)4- 

In particular, setting t = fc — 1 in this inequality yields 



(fc-l)V ~ (fc-l) 2(fc-l)3 (fc-l)V 2(fc-l 

and hence for fc > 3, and all x G [0, 1], gl{x) < 1+ 2(k~iy^ ■ "^^^ maximum value for .g|(x) is .g|(0) = 

2 > 1 + ^, but it is certainly true that for aU k > 2, gl{x) < 1 + 2(k-iy^-(k-i) ^ ^ ^ (fc-i)(2fc-3) 
Hence 

G^{x)<l + E '^ 



(e-l)(2e-3)^ 

which yields the upper bound given by inequality (j4]). Note that the first bound in inequality (|4]) 
is essentially sharp as demonstrated by the {b + l)-regular tree. 

Now let us prove bound ([5]). To simplify notation, for every fc, let (^)fe = ^(f — 1)(^ — 2) . . . (^ — 
fc+ 1) denote the fc-th falling factorial. The goal is to approximate Gj(a;) by a polynomial of degree 
2 whose maximum value can be easily calculated. 

Consider the Taylor series for G^{x) about x = 1. For this, note that Gj(l) = J2k>2^i^ ~ 
fc) = 1, G^(l) = Efc>2 n^ = fc)(-l) = -1 and 

G^'(l) = ^ P(e = fc)(-(fc - 2)(fc +l)) = Y. ^(^ = k){-k{k - 1) + 2) = -E((e)2) + 2. 

k>2 k>2 

Note that for all m > 1, Gj (1) < 0, where it exists. 

Set ^2(2;) = 1 - (.T - 1) - SMhzL^(i ^xf ^2-x- iMh:z21{i _ ^f^ j^ jg ^^^^^ ^^-^ovf that 
for aU X G [0, 1], P2{x) < G^{x). Note that 

P2ix)=Y^F{^ = k)(gi{x)-^-^^^^{l-xr 



fc>2 ^ 

„k-2l 



Recall that, by equation (fTSJ) . for all x, gl+i{x) ~ glix) — —kx'^ ^(1 ^ x)^- Thus, 

2 , , , ((fc + l)2-(fc + l)-2) ^^ ( 2, , , (fc^~fc-2) ^^ 
fffc+i(a;) + ^ ^ ^(1-a^) -(.9fe(a;) + ^ (1 - a^) 

, fc-2.-, ^2 /2fc-2 + 2\ . ,2 (35) 



k{\-xf{\-x^-^). 
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Considering G^{x) - P2{x), note that for fc = 2, gl{x) ~ gl{x) + ^^ ^ ^^ (1 - x)"^ = 0. For 
/c > 3, by dSlD, 



2r^^ „2,^) ^ (k' k 2) ^^ - x)^ = ^ j(l - x)2(l - x'-^) > 0. 



9k{x)-92{x) ■ 2 



Hence, 

G^ix) - P^ix) = y ■P(^ = k)\gt(x)-gi(x) + ^ _^£(1_:^)-| >o 



{x)-P,ix) = J2m = k)(9lix)-gUx)+ ^''' ^ ^^ (1-x)^) 



and so for all x, G^{x) > P2{x). 

Now, P2{x) is a parabola which attains its maximum value at x = 1 — ^r^} _^ with 



E(02-2; E(e)2-2 2^ ^"'^ ^(E(e)2-2)2 2(E(02 - 2) 

This immediately implies a lower bound for the critical probability for T^, 

""'^^'''^ - ' ^ + Wt-. ^ ' 2E(e)2 - 3 = 2E(e)2-3- 
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3.4 Examples 

The (6 + l)-regular tree shows that one cannot hope for a stronger bound based on the second 
moment of ^ than the one given by inequality ([5]). What is more, this bound turns out to be 
an accurate estimate of critical probability in a number of natural offspring distributions. A few 
such examples are examined here for comparison. For simplicity, we consider only r = 2, and 
we continue to write G^ for G?. In what follows, the notation Ob(l) is used to denote a function 
tending to as fe — > 00. 

3.4.1 2 or a children 

For a e N and b with a > b > 2, consider trees denoted T^^ ^ with offspring distribution F{£,b,a = 
2) = B^andF{^b^a =a) = ^. Note that the branching number of T^,^ isbr(T4, J = E(^6,a) = &■ 
We do not present a complete proof of the following theorem. However, sharp lower bounds on 
Pc(T5,,„, 2) follow from Theorem O 

Theorem 3.10. The critical probability in 2-neighbour bootstrap percolation on T^^ ^ is 

a- 2 l + Ob(l) 



p.(T,,,„,2)=max|l ^^^ _ ^^ , ^^^ 

with the first quantity being always greater for a > 25 — 1 and the second for a < 26 — 2. 

D 
The random variable ^b,a is supported on only two values and so clearly £((^(,.0)2) is finite and 
the assumptions of Theorem [L4] are satisfied. We have 

E(fe,a)2) = P(6.a = a)a{a - 1) + F{^b.a = 2)2 
_ {b - 2)a{a - 1) + 2{a - b) 
~ a- 2 

< -^^ '-^ '- + 2. 

a — 2 
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Thus, inequality ([SJ yields a lower bound on the critical probability given by 

1 1 l + Oh(l) 



= (r?.,.,2)> 



2 I (b-2)a(a-i) _|_ 2^ - 3 2^^^^^^^^^^ + 1 2a6 



agreeing asymptotically with the correct value for a < 2b — 2. 

For a > 26—1 we have in fact Pc{T^i a ; 2) = 1— „p^, "'" _„■, ■ The value of critical probability, in this 

case, tells us what prevents T^^ ^ from percolating when we have p < pdT^^ „: 2). Since ^5| > |, 
after deleting all vertices of degree a + 1, the tree almost surely contains infinite components, with 
all vertices having degree at most 3, with branching number c = 2^^ > 1. Every initially healthy 
doubly infinite path contained in such subtree is an infinite healthy 1-fort in T^^^ ^ . The critical 
probability for such paths to occur is 1/c and so if 1 — p > 1/c then T^^ ^ almost surely does not 
percolate. Note that exactly the same arguments can be used to prove the first lower bound in 
inequality ^. 

3.4.2 Shifted Poisson 

A natural offspring distribution for a Galton- Watson tree is a Poisson distribution. Since any 
distribution ^ with P(^ < 1) > has critical probability 1, consider a Poisson distribution shifted 
by 2. That is, for each 6 > 2, let ^p^ be the offspring distribution with the property that, for each 
A;>2, 

Then, E,{(_p^) = b and the function Gfb (x) is given by 



,(6-2 



ife-2 



= e-(^-2)(i-x)(2 + (5 _ 3)2; _ (6 - 2)x^). 

Here, the critical probability can be given precisely since the function Gtb attains its (global) 

maximum value when x — ^^,_„^ , which belongs to [0, 1] when 6 > 7/3; the maximum 

value is 



exp. - ^.-^..^ 2 + ^ib + 3)ib-l) 



(-^(6 + l-v/(& + 3)(6-l))) 



6-2 
Thus, with a little bit of calculation, one can show that, for 6 > 7/3, 



6-2)e 2 \ 1 1 ^/l 

One can apply Theorem [T4l to the distribution ^p^ since E((^p^)2) =6^-2. Thus, (O yields 

which is asymptotically correct. 
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3.4.3 Shifted geometric distribution 

Consider now a shifted geometric distribution. For 6 > 2, let ^^ be defined by 

F(e^^fc + 2)^^(^)\ k>0. 

Then, E(^g) — b and the function G^b is given by 

2(6 - 1) - (26 - 3)a; 



GMx) 



{{b-l)-{b-2)x)^' 



and attains its maximum when x = ^._„,,^^,_„^ with value .,^_. ,,,_„. . Thus, if 6 > 5/2, 



Pc(T^;.,2) = l 



(b-2)(2fc-3) vttiu^ 4(fc-l)(fc-2)- 

4(6-l)(6-2) 1 



(26-3)2 (26-3)2 

On the other hand we see that E((^^)2) = 2(5 - 1)2; thus dSJ yields 

1 _l+Ofc(l) 



Pc(%,2) 



> 



4(6-1)2-3 462 ' 

again agreeing asymptotically with the true value. 

4 Final remarks and open problems 

In this paper we study general infinite trees and show that for any b > r and any e > there exists 
a tree with bounded degree, branching number br(r) — 6 and critical probability Pc{T,r) < e. 
We then show that, by equation (PS|) . given an offspring distribution ^ with P(^ < r) = 0, for a 
Galton- Watson tree T^ we almost surely have 

Pcm,r) > exp (-^^j^ - K{H^-r 
Using the concavity of the logarithm function and, setting br(rj) = E(^) = 6, this bound was 

b 

simplified to Pc{T^, r) > Cr '^ ]^ , as stated in Theorem II .21 

However, the bound E(iJ^_j.) < log 6 is very weak unless the distribution ^ is strongly concen- 
trated around its mean. When ^ is concentrated though, we already know that Pc{T^,t) is large, 
e.g., by Theorems 11.31 and 11.41 as well as by the results for regular trees in [^ and [7]. With this 
in mind we conjecture that the family of offspring distributions 77^,6 constructed in the proof of 
Lemma 13.91 minimizes pdT^, r) up to a factor depending on r only. 

Conjecture 4.1. The upper bound in Theorem 11.21 is essentially sharp, i.e., for r > 2 there are 
constants Cr and Cr such that if 6 > r then 

c.e-^</f»<ae-^. 

The second conjecture we state in this paper is an extension of Theorem 11.31 which says that 

for a G (0; 1] we have Pc{T^, r) > Cr.a (IE(^^~''")) . For r — 2 and a > 1 such bound does not 

hold as is seen by taking ^ = 6 constant, i.e., a regular tree Tb, when pc{Ti,,2) ^ ^. However, 
turning to Lemma [3.6l we observe that Pc{Tb, r) ^ Crb~^^^^^ . This motivates the following conjecture, 
extending Theorem [L3] to all values of a < r — 1. 
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Conjecture 4.2. For each r > 2 and a e (0, r — 1] there exists a constant Cr^a > such that for 
any offspring distribution ^ we have 



Pc{T^,r)>cr,c.{ne+'')y 



-1/a 



In Theorems 11.31 and 11.41 we give upper bounds on pc{T^,r) based on the f^:^ j-th negative 

moments of <^. However, the example of the £,b,a offspring distribution in Theorem [3lT0] immediately 
shows that negative moments are not enough to tightly bound the critical probability from above. 
This motivates the following question. 

Question 4.3. What other characteristics of the distribution ^ lead to upper bounds on Pc{T^, r)l 
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